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Abstract 8 
The settling performance of ANAMMOX granular sludge determines the biomass 9 
retention in reactors, and finally determines the potential reaction capacity. In this 10 
paper, Stokes equation was modified by fractal dimensions to describe the settling 11 
performance of ANAMMOX granular sludge. A new method was developed to obtain 12 
fractal dimensions, and a fractal settling model was established for ANAMMOX 13 
granular sludge. The fractal settling model was excellent with only a small deviation 14 
of 0.8% from the experimental data. Assuming normal distribution of all Feret 15 
diameters, 88% experimental data fell into the 90% confidence interval of settling 16 
velocities. Further assuming logarithmic normal distribution, 95% experimental data 17 
fell into the 90% confidence interval. The fractal settling model is helpful for the 18 
prediction of settling velocities of granular sludge and the optimization of bioreactor 19 
performance. 20 
 21 
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 24 
1. Introduction 25 
ANAMMOX (ANaerobic AMMonium OXidation) is a novel biological nitrogen 26 
removal process, which is high in nitrogen removal rate and low in operational cost 27 
relative to the traditional nitrification-denitrification process. Granular sludge bed 28 
reactors (such as UASB, EGSB, IC reactor) have widespread applications in the field 29 
of wastewater treatment (Lettinga et al. 1997, Lettinga et al. 1980). Due to the above 30 
reasons, ANAMMOX process is combined with granular sludge bed reactors. In this 31 
kind of systems, the settling performance of granular sludge determines the holdup of 32 
biomass, and finally determines the potential reaction capacity. Therefore, it is 33 
necessary to investigate the settling performance of granular sludge for the condition 34 
selection and process optimization of bioreactors. 35 
 36 
Although many qualitative researches have been reported on the settling performance 37 
of granular sludge (Gupta and Gupta 2005, Winkler et al. 2012), quantitative studies 38 
are still far from complete. Based on the differences of shape and roughness between 39 
real granule and theoretical one, some modifications of Stokes equation were put 40 
forward (Li and Yuan 2002, Liu et al. 2005, Lu et al. 2013). The correction factors 41 
were obtained by experiential fitting, without theoretical support, however. Despite 42 
the good fit in the experimental range, the modified Stokes equation could not be used 43 
universally. 44 
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 45 
Fractal theory is a good method to describe structural features of irregular objects 46 
(Day and Mendivil 2015). The distinction between fractal theory and traditional 47 
Euclidean geometry is fractal dimension. Different from “one-dimension”, 48 
“two-dimension” and “three dimension” in Euclidean geometry, fractal dimension 49 
does not have to be an integer because it is a measure of the ability to occupy space. 50 
The advantages of modifying Stokes equation on the basis of fractal theory are that it 51 
seizes the structure disparities between theoretical spheres and actual objects, and it 52 
does not rely on empirical fit any longer. Some applications of fractal theory have 53 
been reported in the prediction of settling performance for flocs (Chakraborti et al. 54 
2007, Ganczarczyk 1995, Tang et al. 2002), but few applications are found in the 55 
prediction for granular sludge, to our knowledge. The main difficulty is the lack of 56 
mature methods to obtain VFD (Volume Fractal Dimension) of granular sludge, 57 
because it is much denser than flocs for light to penetrate. Besides, a 58 
widely-recognized fractal settling equation is not available yet, which will be further 59 
discussed later. 60 
 61 
The objective of this paper is to investigate the prediction of settling velocities of 62 
ANAMMOX granular sludge using fractal dimensions. A new method was to be set 63 
up for obtaining the VFD of granular sludge; a fractal settling model was to be 64 
established for predicting the settling velocities of granular sludge; and 90% 65 
confidence interval of settling velocities was to be calculated for modifying the fractal 66 
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settling model. 67 
 68 
2. Model construction 69 
2.1 Symbol annotation 70 
Some variables involved in the model are annotated as follows: 71 
Symbol Definition Symbol Definition 
wρ  density of liquid pρ  density of granular sludge 
a
d
 
real diameter of granular 
sludge p
d
 
EPD (Equivalent Projected 
Diameters)  
m
d
 
EVD (Equivalent Volume 
Diameter)  µ dynamic viscosity of liquid 
Cd drag coefficient ξ  correction factor  
η
 /m pd d  λ  /a pd d  
DM 
MFD (Mass Fractal 
Dimension) DV  VFD 
N  number of primary particles in 
a granular sludge 
ε  porosity of granular sludge 
M mass of granular sludge V volume of granular sludge 
0m  mass of primary particles 0ρ  density of primary particles 
v0 volume of primary particles u terminal settling velocity 
G gravity Fb buoyancy 
Fr drag force α average of feret diameters 
δ deviation of feret diameters Re reynolds number of granular 
sludge 
 72 
2.2 Stokes equation 73 
The force balance of granular sludge in a constant-velocity free-settling process is 74 
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shown in Fig. 1.  75 
 76 
Figure 1: Force analysis of granular sludge 77 
1，?Gravity: 78 
  

 	
6
 ，?1，?
dm is EVD (the diameter of an equivalent sphere which has same volume) of granular 79 
sludge. 80 
2，?Buoyancy: 81 
  

 	
6
 ，?2，?
3，?drag force: 82 
    ∙


4
∙

2
 ，?3，?
dp is EPD (the diameter of equivalent circle which has same area) of granular sludge. 83 
Cd is drag coefficient which is relevant to Reynolds number, Re. 84 
  


 ，?4，?
In the case of 10-4 < Re < 1, the flow is a layer flow and Cd equals to 24/Re. 85 
4，?Force balance: 86 
     
  

 	  
18

 ，?5，?
Assuming granular sludge is a standard sphere, then: 87 
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       
  
	  
18
 ，?6，?
 88 
However, the equation (6) deviates from real circumstance due to the difference 89 
between granular sludge and standard sphere.  90 
 91 
Assuming dm = ηdp, da = λdp, then substitute them in equation (5). 92 
  =
	( − )
18
∙  ! ，?7，?
Simplify η3λ into a correction factor ξ. 93 
  =
	( − )
18
∙ " ，?8，?
Equation (8) is the modified Stokes equation by means of correction factor. 94 
 95 
2.3 Modification based on fractal dimension 96 
When predicting settling velocity of granular sludge with equation (8), the real 97 
relationship between u and dp2 deviates from the model. The reason is that granular 98 
sludge has many internal pores. Since granular sludge is fractal, fractal dimensions are 99 
introduced to correlate settling velocity u and diameter d as: 100 
 ⋉ $%&$'( 
 101 
In Euclidean geometry, V ∝ d3. But in terms of fractal object, it should be V ∝ dDV, 102 
where DV is VFD (2<DV<3). Supposing the density of granular sludge is constant, we 103 
can get M ∝ dDV. In other words, MFD equals to VFD. It is unreasonable to take 104 
M
AN
US
CR
IP
T
 
AC
CE
PT
ED
ACCEPTED MANUSCRIPT
7 
 
granular density as a constant in view of the uncertain distribution of internal pores. 105 
Since the internal pores bear fractal feature, mass M and diameter d can be related by 106 
MFD as V ∝ dDM, in which DM does not equal to DV. Assuming one granular sludge, 107 
with mass M, volume V and porosity ε, comprises of N primary particles, with mass 108 
m0, volume v0, density ρ0, the mass of granular sludge is: 109 
 )  *+, ，?9，?
Since m0 is a constant, N is proportional to dDM: 110 
 
* ⋉ $% 
 
，?10，?
Based on Stokes equation, the following relation can be gotten: 111 
    ⋉


 ，?11，?
According to the previous presumption, ρp - ρw can be deduced as: 112 
     1 − -), + -, −  = (1 − -) ∙ (, − ) ，?12，?
Comparing equation (11) and (12): 113 
 1 − - ⋉


 ，?13，?
Substitute ε in expression (13) with 0= Nv
V
ε : 114 
*.,
/
⋉


 
or 115 
  ⋉
*.,
/
⋉ $%&$'( ，?14，?
Expression (14) is the modified Stokes model by fractal dimensions, i.e. the fractal 116 
settling model. In this model, the intrinsic characteristics are grouped into the 117 
exponential term by fractal theory. The density of granular sludge is reflected in，?DM - 118 
DV，?. DM will equal to DV when the density is constant. In this case, it will degenerate 119 
to ideal Stokes equation. Environmental parameters, such as viscosity and density of 120 
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liquid, are grouped into a coefficient, which is regarded as constant under definite 121 
certain settling environment. It is going to be obtained through fitting. Therefore, the 122 
full fractal settling equation is: 123 
   ∅ ∙ $%&$'( ，?15，?
 124 
2.4 Acquisition of VFD 125 
It is very difficult to obtain VFD directly by rebuilding its 3D structure. However, 126 
VFD can be calculated indirectly from IFD (intersection fractal dimensions). 127 
Mandelbrot (Mandelbrot 1983) has proven that the fractal dimension of intersection 128 
of a fractal set S (the object) and a plane P (the slice) is also a fractal set with a fractal 129 
dimension, DP∩S , which can be calculated from equation (16): 130 
 12+(3 ∩ 5) = 12+3 + 12+5 ，?16，?
CodimP dimP - dimE= , which means the difference between fractal dimension and 131 
Euclidean dimension. Substituting Codim, equation (16) can be rewritten as: 132 
 67∩8 − 3 = (67 − 3) + (2 − 3) ，?17，?
That is  133 
 67∩8 = 6: − 1 ，?18，?
Equation (18) relates IFD with VFD. However, it depends on the assumption that the 134 
slice is infinite thin, which is impossible in real circumstances. Thill (Thill et al. 1998) 135 
proved that reliable VFD estimation of granular sludge can be obtained by multi IFDs. 136 
 137 
The IFD DS can then be calculated by box-counting method (Geronimo et al. 1994) 138 
with Matlab.  139 
 140 
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2.5 Distribution of Feret diameters 141 
EPD was used in the settling model because ANAMMOX granular sludge was not a 142 
standard sphere. However, one granular sludge has various EPDs in different settling 143 
postures, thus leading to different predictions of settling velocity. In order to predict 144 
the settling velocities more precisely, it is necessary to use a new method to 145 
characterize the diameter. 146 
 147 
Feret diameter is defined as the distance between two parallels, which are tangent to 148 
the projected area of granular sludge (Fig. 2) along a certain direction. The maximum 149 
Feret diameter is denoted as Feret_max and the minimum as Feret_min. Assuming 150 
that the all Feret diameters along 0-180° correspond to normal distribution between 151 
Feret_max and Feret_min, the probability density function of EPD can be written as: 152 
 ; 
1
<√2
exp	(−
( − B)
2<
) ，?19，?
 153 
α and δ are the average and standard deviation of Feret diameter. α can be obtained 154 
by software analysis. δ can be calculated according to “three-δ principle”, which 155 
means 99.7% values fall in the range of (α - 3δ, α + 3δ). Thus δ can be estimated as 156 
 δ =
DE_+GH − DE_+2I	
6
 ，?20，?
 157 
The confidence interval of settling velocities can be calculated from the probability 158 
density function. 159 
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 160 
Figure 2: Feret diameter of granular sludge 161 
 162 
3. Materials and methods 163 
3.1 ANAMMOX granular sludge 164 
The granular sludge was obtained from an ANAMMOX granule sludge bed reactor, 165 
which had been run with synthetic wastewater (the composition was shown in Table. 166 
1) for three years. The reactor had a total volume of 1.5 L and a working volume of 167 
1.1 L. In view of the possible growth of phototrophic organisms and the related 168 
oxygen production, a black PVC material (2 mm thickness) was used to cover the 169 
bioreactor completely to prevent penetration of light (van der Star et al. 2008). The 170 
internal temperature was controlled at 30 ± 1Ⅰ?(Tsushima et al. 2007) The synthetic 171 
wastewater was pumped into the bottom of bioreactor with influent pH at 6.8-7.0 172 
(Tang et al. 2009). The volumetric nitrogen loading rate was 10 kg N/(m3 ▪d). The 173 
removal efficiencies of NH4+-N, NO2--N and TN were 92.0%, 99.1% and 79.0% 174 
respectively (Wang et al. 2016). 175 
Table 1: Composition of synthetic wastewater 176 
Components Concentration (g/L) 
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Substrates 
(NH4)2SO4 Added as needed 
NaNO2 Added as needed 
KHCO3 1.25 
Mineral medium 
KH2PO4 0.01 
CaCl2·2H2O 0.0056 
MgSO4·7H2O 0.3 
Trace element solutionⅠ?1.25mL/L) 
EDTA 5 
FeSO4 5 
Trace element solutionⅠ?1.25mL/L 
MnCl2·4H2O 0.99 
CuSO4·5H2O 0.25 
ZnSO4·7H2O 0.43 
NiCl2·6H2O 0.19 
NaSeO4·10H2O 0.21 
NaMoO4·2H2O 0.22 
H3BO4 0.014 
EDTA 15 
 177 
The TSS (Total Suspended Solid), VSS (Volatile Suspended Solid) and VSS/TSS of 178 
the ANAMMOX granular sludge were 48.6 ± 4.9 g/L, 38.7 ± 4.1 g/L and 0.8 179 
respectively. The sludge was washed five times with phosphate buffer (0.14 g•?L-1 180 
KH2PO4 and 0.75 g•?L-1 K2HPO4) to remove residual substrate before test. 181 
 182 
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3.2 Measurement of diameter 183 
QICPIC Particle size analyser (Sympatec GmbH，?Germany) was used to calculate 184 
EPD (dp), EVD (dp), Feret_max and Feret_min of ANAMMOX granular sludge. 185 
 186 
3.3 VFD calculation 187 
The sludge samples were preserved at -20  after taken from the reactor. ℃ Then they 188 
were treated by frozen slice. Each granule had 50 slices with 20 µm in thickness 189 
(Satoh et al. 2007). The slices were photographed by a digital single-lens reflex 190 
camera (Camera: Nikon D90, Japan; Lens: AF-Nikkor 28 mm f/2.8 D and Nikkor 135 191 
mm f/3.5 AI, Japan). The grayscale level of 128 (middle point in the range of 0 and 192 
255) was used as threshold to obtain the bi-level images of floc section. The IFD DS 193 
was obtained by the built-in box-counting library of Matlab 2012a. At last, VFD was 194 
calculated by substituting the average DS of 50 slices into equation (18). 195 
 196 
3.4 MFD calculation 197 
According to the definition of MFD: 198 
) ⋉ $% 
DM was obtained by logarithm regression of mass and EVD of granular sludge. 199 
 200 
3.5 Settling experiment 201 
The settling experiment was performed in a glass-column, which was 175 mm in 202 
height to get the terminal settling velocity, and 50 mm in internal diameter to 203 
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minimize the wall effect. The procedure was performed as reported by Mu (Mu et al., 204 
2008). Each granular sludge settling test was repeated three times to get the average 205 
settling velocity. 206 
 207 
4. Results 208 
4.1 Calculation of fractal dimension 209 
Ten samples of granular sludge were treated by frozen slice, some of which were 210 
shown in Fig. 3. The IFD equaled to 1.69 f 0.05. According to equation (18), the 211 
VFD was 2.69 f 0.05. 212 
 213 
Figure 3: Images of frozen slice 214 
 215 
The mass and EVD of twenty-five samples of granular sludge were also measured and 216 
analyzed by logarithm regression, shown in Fig. 4. Based on the regression result, the 217 
MFD of granular sludge was calculated as 2.373. 218 
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 219 
Figure 4: Mass-EVD logarithm regression analysis 220 
 221 
4.2 Settling velocity fitting 222 
The settling velocity and EPD of ten samples of granular sludge were measured and 223 
analyzed by logarithm regression. The regression result was shown in Fig. 5.224 
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 225 
Figure 5: Velocity-EPD regression analysis 226 
According to the regression result, there is: 227 
 ⋉ 
J.LMN
 
The power coefficient (1.697) was less than that in Stokes equation ( ⋉ ). In terms 228 
of modified Stokes equation ( ⋉ $%&$'(),	 ⋉ J.LO was gotten by plugging in 229 
VFD and MFD, whose power coefficient was only 0.8% less than experimental one.  230 
 231 
4.3 Prediction with confidence interval of settling velocity  232 
In order to verify the validity of settling model based on fractal dimension (i.e. fractal 233 
settling model), 140 samples of granular sludge were chosen to measure their EPD 234 
and velocity, as shown in Fig. 6. The fractal settling model did not fit the experimental 235 
results so well, which could be attributed to the fact that the actual EPDs of one 236 
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granular sludge varied with different settling postures.  237 
 238 
Assuming that the Feret diameter of granular sludge corresponded to normal 239 
distribution, the average Feret diameter was denoted as d
 
and the standard deviation as 240 
δ . Then the 90% confidence interval of actual diameter could be obtained as [d – 241 
1.96δ, d + 1.96δ]. The upper and lower limit were calculated and shown in Fig. 6, 242 
with 88% of experimental values falling into the 90% confidence interval. 243 
 244 
Figure 6: Prediction with 90% confidence interval based on normal distribution 245 
 246 
5. Discussion 247 
5.1 How to get VFD  248 
Until now, the applications of fractal dimension were mainly in the prediction of 249 
settling velocities for flocs, but it was seldom applied in granular sludge. One of the 250 
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most important reason is that no mature method is available to get the VFD of 251 
granular sludge so far. 252 
 253 
VFD can be replaced by MFD if the density of granular sludge is constant (Li and 254 
Logan 2001). But in real circumstances, the presumption of a constant density is 255 
unreasonable because of the irregular internal pores. Vahedi et al. acquired the section 256 
images of flocs at different depths with a CCD camera and an optical microscope 257 
(Vahedi and Gorczyca 2011). Then 3-D structure was reconstructed to calculate the 258 
VFD. Thill et al. (Thill et al. 1998) used Confocal Scanning Laser Microscopy to get 259 
the images of flocs at different depths and then to determine the 3-D structure. 260 
However, none of these methods are feasible to granular sludge because granular 261 
sludge is much denser than flocs so that it is hard for the light to penetrate the whole 262 
granule to get the section images at different depths (Liu et al. 2009, Liu and Tay 2002, 263 
Morgenroth et al. 1997). In view of that, frozen slice technique was chosen in this 264 
work to get the IFDs of granular sludge at different depths, which were used to 265 
estimate VFD. 266 
 267 
The VFD of activated sludge was 2.40 f 0.12(Thill et al. 1998); the VFD of mud in 268 
the river was 2.23-2.47 (Maggi et al. 2006). The VFD of ANAMMOX granular sludge 269 
was 2.69 f 0.05 in this work, higher than that of activated sludge and natural sludge, 270 
which is consistent with the fact that granular sludge is much denser than flocs. 271 
 272 
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5.2 Fractal settling equation 273 
The second reason for the rare application of fractal dimension to the prediction of 274 
granular sludge settling velocity is that no widely-recognized modified equation was 275 
proposed. In this paper, VFD and MFD were used to modify Stokes equation on the 276 
basis of ) ⋉ $% and / ⋉ $'. The fractal settling model was: 277 
  ∅ ∙ $%&$'( 
 278 
Compared to the modified equation by single MFD or VFD, such as  ⋉ 
&$%and 279 
 ⋉ 
$'&J
 (Khelifa and Hill 2006), the unreasonable assumption of a constant 280 
granular sludge density was deserted. Both MFD and VFD were incorporated in the 281 
fractal settling model. The power coefficient calculated from VFD and MFD was in 282 
accordance with that obtained by Velocity-EPD regression analysis, with only a small 283 
deviation of 0.8%. The accuracy of model was greatly improved compared to 284 
previous studies, so was the simplicity (Lu et al. 2013, Lu et al. 2012). 285 
 286 
It was also reported that shape correction factor could be introduced to modify Stokes 287 
equation (Bouwman et al. 2004, Lu et al. 2013). However, the shape correction 288 
factors lacked specific physical interpretation; and their acquisition methods depended 289 
on empirical fitting. Such a modification was constrained in the experimental range 290 
without universality. 291 
 292 
Fractal dimension has a physical definition. The modification based on fractal 293 
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dimension has a solid theoretical support. The primary characteristic of fractal object 294 
is “self-similarity”, which means that the part and the whole bear recursive similarity 295 
(Peng et al. 2015). The granulation process of ANAMMOX biomass has been 296 
reported (Hou et al. 2015, Li et al. 2015, Li et al. 2014) as: firstly, ANAMMOX 297 
bacteria collide and adhere with each other by extracellular polymeric substance (EPS) 298 
to form microbial cell cluster; then, cell clusters form subunit through adherence by 299 
EPS and bridge by filamentous bacteria; subunits further form granular sludge 300 
through adherence by EPS and bridge by filamentous bacteria. Hence, there are 301 
recursive similarities in bacteria, cell cluster, subunit and granular sludge. Namely 302 
ANAMMOX granular sludge bears obvious fractal feature. 303 
 304 
5.3 Confidence interval of settling velocity 305 
In view of the fact that one granular sludge would have multi EPDs when settling in 306 
different postures, Feret diameter was proposed to take place of EPD, and normal 307 
distribution was suggested for Feret diameter in this work. The confidence interval of 308 
settling velocity was calculated accordingly and it fitted well with experimental 309 
results (with 88% experimental values falling into 90% confidence interval). 310 
 311 
It can be seen from Fig. 6 that the experimental values falling out of the confidence 312 
interval mainly originated from the granular sludge with larger diameters. In other 313 
words, Feret diameter did not correspond to normal distribution, but a skewed 314 
distribution. Assuming that Feret diameters along 0-180° accorded to logarithmic 315 
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normal distribution, i.e. the log value of Feret diameter presented the features of 316 
normal distribution, a new 90% confidence interval was calculated (Fig. 7) and 95% 317 
experimental values fell into the interval. It meant that the logarithmic normal 318 
distribution was more accurate in describing Feret diameter distribution of 319 
ANAMMOX granular sludge. 320 
 321 
Figure 7: Prediction with 90% confidence interval based on logarithmic normal distribution 322 
 323 
It was reported that flocs with same diameter had multi fractal dimensions and the 324 
fractal dimensions corresponded to normal distribution (Vahedi and Gorczyca 2012). 325 
However, the assumption of multi-fractal dimensions was not suitable for 326 
ANAMMOX granular sludge because the standard deviation of fractal dimension was 327 
only 0.05. This can be attributed to the varied formation mechanism and selection 328 
pressure between granular sludge-based reactor and flocs-based reactor. In flocs-based 329 
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reactor, the flocs experienced a process of break and recombination under shear force. 330 
In addition, the low selection pressure of small biomass washout favored the retention 331 
of diverse flocs with rich internal structures (Gorczyca and Ganczarczyk 2002, Vahedi 332 
and Gorczyca 2011). In contrast, ANAMMOX granular sludge was formed by the 333 
aggregation from bacteria to cell clusters, subunits and granules stepwise. The high 334 
selection pressure of large biomass washout favored the retention of unitary granular 335 
sludge with large size and density, leading to a good self-similarity. 336 
 337 
5.4 Implications  338 
Fractal settling model shows good portability due to the separation of environmental 339 
parameters and intrinsic parameters. Because of the lack of fractal dimension data in 340 
literature, to our knowledge, we can’t testify it with other studies’ data. Thus, its 341 
accuracy needs to be further validated with data from other sources. Further validation 342 
will help with generalizing the model to the design and optimization of granular 343 
sludge bed reactors (such as UASB, EGSB, IC reactor). 344 
 345 
6. Conclusion 346 
A new method was proposed to obtain VFD of granular sludge. Granular sludge was 347 
sliced to get IFDs at different depths. The IFDs were then used to estimate VFD. 348 
 349 
A fractal settling model was established to predict settling velocity of granular sludge 350 
by modifying Stokes equation with VFD and MFD. The fractal settling model was 351 
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excellent with a small difference of 0.8% between theoretical and experimental 352 
values.  353 
 354 
The confidence interval of settling velocity was calculated to modify settling model. 355 
Assuming the normal distribution of Feret diameters, 88% experimental data fell into 356 
the 90% confidence interval. Further assuming the logarithmic normal distribution of 357 
Feret diameters, 95% experimental data fell into the 90% confidence interval. 358 
 359 
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Highlights 
A new method was developed to obtain volume fractal dimension of granular sludge. 
A fractal settling model was established with only a small deviation of 0.8% from the 
experimental data. 
90% confidence interval of settling velocity was calculated to further modify the 
settling model. 	
